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Abstract

We consider Riesz’ fractional gradient and a truncated version of it. The equations
of nonlocal nonlinear elasticity based on those gradients are known. We perform a for-
mal linearization and arrive at the equations of linear elasticity based on those nonlocal
operators. We prove the existence of solutions of the linear equations, notably, by a non-
local version of Korn’s inequality. Finally, we show that the linearizations obtained are
particular cases of Eringen’s model with singular kernels.

1 Introduction

In nonlinear elastostatics, a fundamental question is the existence of equilibrium solutions of
the equations of nonlinear elasticity, which often arise as minimizers of the elastic energy

/Q W (z, Du()) dz

of a deformation u : 2 — R™. Here () is an open bounded subset of R" representing the
reference configuration of the body (where n = 3 is the physically relevant case), and W :
Qx R™™ — RU{oo} is the elastic stored-energy function of the material. The usual approach
for finding such minimizers is the direct method of the calculus of variations. This theory is
well established since the pioneering paper of Ball [3] and its many subsequent refinements.
On the other hand, nonlocal models in solid mechanics have experienced a huge development
in the last two decades, especially from the introduction of the peridynamics model by Silling
[29]. Many refinements have been introduced since then and, particularly, nonlocal models



based on a nonlocal gradient have received a great attention as an adequate substitute of local
models [11, 12].
In general, a nonlocal gradient of a function u : 2 — R takes the form

_ [y —uly) vy
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for a suitable kernel p, usually with a singularity at the origin. The choice of p determines the
nonlocal gradient, which, in turn, specifies the functional space.

The most popular nonlocal gradient is possibly Riesz’ s-fractional gradient, which is denoted
by D*u and corresponds to the choices @ = R" and p(z) = Wfiﬂ for some constant ¢, s; see
[27, 28]. Here 0 < s < 1 is the degree of differentiability. While Riesz’ fractional gradient enjoys
many desirable properties (it is invariant under rotations and translations, it is s-homogeneous
under dilations; see [30]), it has the drawback that the integral defining it is over the whole
space, which makes it unsuitable for solid mechanics where the body is represented by a bounded
domain 2 C R™. An adaptation of Riesz’ s-fractional gradient for bounded domains was done

by the authors in [5]. Precisely, for a C'2° function u, its nonlocal gradient is defined as

Diu(z) = cns /B( § ulw) ~uly) v =y _wslz ~y)

lz -yl |r—y|le -yt

where ws is a fixed function in C°(B(0,6)) satisfying some natural properties to be a truly
cut-off function. Here 6 > 0 plays the role of the horizon (in the terminology of peridynamics),
i.e., the maximum interaction distance.

The existence of minimizers of functionals

/QW(:U, Diu(zx)) dz (1)

was done in [6] under the assumption of polyconvexity of W (where we also wrote down the
corresponding Euler-Lagrange equations), and in [9] under the assumption of quasiconvexity.

Coming back to nonlocal theories in linear elasticity, one of the most popular, particularly
in the engineering community, is that due to Eringen [15]. Eringen’s model in linear elasticity
is similar to the classical Lamé-Navier system but differing from it in the fact that the classical
stress tensor is substituted by a nonlocal one, computed from the local stress tensor through
averaging:

o(z) —AA(x,x’)CDsymv(x’) dr’,

where o is the averaged stress, A the nonlocal interaction kernel, C' the fourth-order elastic
tensor and Dgyv the linearized strain (the symmetric part of the displacement gradient).
Different variational formulations for this model are given in [23]. Thus, this is an integral
theory, as the stress at a point in the domain depends, through averaging, on the stress at
points around it. Because of this fact, in the engineering literature it is said that the model
belongs to the framework of strong nonlocal theories. This model has been widely used in a
variety of applications in mechanics, and nowadays it is attracting a revitalized interest owing
to its applicability to the modeling of nanobeams and nanobars [25]. A study on existence and
uniqueness of solutions of Erigen’s model of linear elasticity can be found in [16].

In this article we link the two theories above in the following way. We start with the Euler—
Lagrange equations associated to the functional (1). They can be interpreted as the equilibrium
equations in nonlocal elasticity. Then we perform a linearization of those equations, which is



merely formal, as done classically in texts of elasticity. As expected, the linear equations are
remarkably similar to the linear ones, just by replacing the local differential operators (notably,
gradient, divergence and Laplacian) by their nonlocal counterparts. In a further stage, we
prove existence and uniqueness of those linear equations under the same assumptions as in the
classical case, namely, the positive definiteness of the elasticity tensor. This tensor is a local
quantity acting on nonlocal gradients. The key ingredient for the well-posedness of the linear
equations is a suitable version of Korn’s inequality for nonlocal gradients. Our proof of that
inequality is based on the classical Korn inequality together with a procedure described in [6]
and [9] (and, earlier, in [20] for the case of the Riesz potential) to translate results from the
local case to the nonlocal context.

For completeness, we do a parallel analysis in the fractional case, i.e., with Riesz’ fractional
gradient. The caveat of this process in the fractional case is that the linearization is performed
around the identity (as in classical elasticity), but the identity has infinite energy, i.e., it does
not belong to the associated Bessel space because that space involves the whole R™. Hence, the
linearization process is dubious, and that is why we prefer to present first the nonlocal case,
which is done over a bounded domain and where the identity belongs to the relevant space.

These two analyses together allow for a better comparison with Eringen’s model. In general
terms, we will see that two suitable choices of the kernel in Eringen’s model are equivalent,
respectively, to the nonlocal and fractional linear models derived earlier. More concretely
we show in Section 8, that, both functional spaces where problemas are set and bilinear forms
defining those problems, coincide for the linealization we obtain both for nonlocal and fractional
problems with Eringen’s problems with nonlocal kernels related to function @3 (defined in the
next section) and to Riesz potential respectively.

We mention two articles that also deal with the equations of linear elasticity for fractional
operators. First, [31] introduced the linear model in fractional elasticity, but without a deriva-
tion: just by substituting the local operators by nonlocal ones. His model coincides with ours
in the fractional case, and, in addition, he proves a version of Korn’s inequality, with techniques
relying on Fourier and Riesz transforms. Second, the article [26] also studies the linear isotropic
fractional elasticity equation, with a motivation coming from state-based peridynamics and the
fractional powers of the local operator.

The outline of this article is as follows. In Section 2 we establish some general notation.
Section 3 describes the nonlocal framework of the article: nonlocal gradient and divergence,
functional space with useful embeddings, and some differential identities. In Section 4 we do an
elementary calculation showing that the nonlocal derivative of an affine map is the associated
linear map. Section 5 performs the linearization of the equations of nonlocal elasticity based
on the nonlocal gradient D§. In Section 6 we prove the relevant version of Korn’s inequality to
show existence and uniqueness of solutions of these equations. The analogous results based on
the fractional gradient D*® are shown in Section 7: linearization, existence and uniqueness. In
the final Section 8 we explain Eringen’s model and how it is connected with the linearizations
found earlier.

2 Notation

We fix the dimension n € N of the space, an open bounded set €2 of R" representing the body,
the degree 0 < s < 1 of differentiability, a § > 0 indicating the horizon (the interaction distance

between the particles of the body), and an exponent 1 < p < oo of integrability. The dual

exponent of p is p’ = ﬁ.



The notation for Sobolev W'? and Lebesgue LP spaces is standard, as is that of smooth
functions of compact support C2°. The support of a function is denoted by supp. We will
indicate the domain of the functions, as in LP(2); the target is indicated only if it is not R.
When using the norm in those spaces, the target is omitted, as in [|*[| 1, -

We write B(z,r) for the open ball centred at x € R" of radius r > 0. The complement of
an A C R" is denoted by A°.

We denote by R™"™ the set of n x n matrices. The identity matrix is I and the identity map

is id. The subset of symmetric matrices is R{;". The symmetric part Hgy of an H € R™" is

H+ HT
Hsym = Ta

where HT is the transpose of H. Similarly, Dgym, Dy, and Dj ., denote the symmetric parts
of the gradients D, D* and Dj. The inner product in R" is denoted by -, while : is the inner
product in R™™. The tensor product of two vectors in R" is denoted by .

The divergence of a matrix is the column vector whose components are the divergence of
the rows of the matrix.

The operation of convolution is denoted by .

3 Functional space

This section is a compendium of the definitions and results taken from [5, 6] on the nonlocal
gradient and divergence, as well as their associated space H*P9().

Apart from €, the sets Q5 = Q + B(0,6) and Q_s := {x € Q : dist(z, Q) > §} will also be
relevant. The number ¢ > 0 is chosen small enough so that {2_s is not empty.

Let ws : R™ — [0, +00) be a cut-off function, and ps : R" — [0, +00) defined as

1
V(1 = s)fafrtte

ps(x) = ws(),

where the constant 7(s) is given by

The precise assumptions on ws are as follows:
a) ws is radial and nonnegative.
b) ws € C°(B(0,9)).
c¢) There are constants ag > 0 and 0 < by < 1 such that 0 < ws < ag, and ws| p(o,pes) = @o-
)

d) w; is radially decreasing, i.e. ws(|z1]) > ws(|xe|) if |21 < |24

o [ k=
B(0,5) |2| Cn,s




Conditions a)-d) are taken from [5, Sect. 3], where it is remarked that condition d) can be
weakened. Condition e) is a normalization. In [5] we did not assume any particular normaliza-
tion; in fact, there are several natural options, and we have chosen e) in view of the result of
Section 4: the nonlocal derivative of a linear map is the matrix representing that linear map.
Note that e) can be equivalently written as ||ps||1 @) = 7=F=-

The definitions of the nonlocal gradient and divergence for smooth functions are as follows.

Definition 3.1.  a) The nonlocal gradient of u € C:°(R") is defined as

D;u(l’) _ Cn,s/ U(l’) - U(y) xr—y w5(x __:g) dy, = ]Rn’
B |T—yl |r—yllr—y[rtts

and of u € CP(R™,R") as

Diu(zx) = cms/ u@) — uly) ® Ty wir—y) dy, z € R".
B(z,0)

[z =yl o=yl e —y[rtr
b) The nonlocal divergence of u € C°(R™,R") is defined as

div? u(z) = Cn,s/ u(z) —uly) -y ws(z —gi 4. xR
Bwe) 12—yl |r—yllr -yt

and of u € CP(R™, R™™) as

div? u(z) = Cn,s/ u(r) —u(y) v —y ws(w —}ﬁ &, xR
Bwo) =yl |r—ylle -yl

Notice that the integrals in Definition 3.1 are absolutely convergent because u is Lipschitz
and ps € LY(R™).
We extend Definition 3.1a) to a broader class of functions.

Definition 3.2.  a) Letu € L'(Q;) be such that there exists a sequence of {u;};jen C C°(R")
converging to u in L' () and for which {Dju;};en converges to some U in L'(2,R™).
We define Dsu as U.

b) Let ¢ € L'(Qs,R™) be such that there exists a sequence of {¢;}jen C C(R™,R™) con-
verging to ¢ in L'(Qs, R™) and for which {div§ ¢;};en converges to some ® in L* (). We
define divs ¢ as .

It was shown in [5, Lemma 3.3] that the above definitions of Dju and divy ¢ are independent
of the sequence chosen, and that the assumption L' can be weakened to Li ..

An important result is the nonlocal integration by parts formula, which will be used for
passing from strong to weak nonlocal formulations. Here, we state a simplified version of [5,

Th. 3.2] suitable for our aim in this paper.

Proposition 3.1. Suppose that u € C°(Q) and ¢ € C}(Q,R™). Then Dju € L=(R",R") and
div§ ¢ € L*(R™). Moreover,

/QDgu(:c) co(x)dr = — /Q u(z) divi ¢(z) dx,

and these two integrals are absolutely convergent.
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The functional space associated to these nonlocal differential operators is as follows [5].

Definition 3.3. Let 1 < p < co. We define the space H*P°(Q) as the closure of C°(R") under
the norm

1
ensiay = (Il + D50l )

Thus, functions in H*P?(Q) are defined a.e. in Qg, while its gradient (Definition 3.2) is
defined a.e. in Q. The space H*P(2,R") is defined analogously, as are the gradient of vector-
valued functions and the divergence of matrix-valued functions (Definition 3.1).

The space H*P(() satisfies reflexivity and separability properties. See [5, Prop 3.4].

|

Proposition 3.2. Let 1 < p < oco. Then H*P?(Q) is a separable Banach space. If, in addition,
p > 1, it is reflexive. When p = 2, it is a Hilbert space under the inner product

(u,v) — uvdx—i—/Dgu-ngdx.
Qs Q

The following two results present each natural differential equalities.
Lemma 3.3. For all u € H*P°(Q,R"),
tr Dju = tr(Dju)" = tr D u = divj u.

Proof. The proof of tr Diu = divju was done in [6, Lemma 3.4]. Since tr A = tr AT = tr Ay
for any A € R™" the result follows. ]

Lemma 3.4. For all u € C*(R™",R"),
divi(Dju)’ = Di(diviu).

Proof. Due to Definition 3.1 and a change of variables we have that for all z € R,

divi (D)7 (z) = cns /B . (D) () ~ (Dju)"(w = 2) = vy

2|+ ||

divju(x) — diviu(z — 2) 2
EER B

D3(div u)(z) = cos / ws(2) dz.

B(0,5)

For the same reason,

(Dju)" (2) = (Dju)" (z — 2)
zZ u(:n)—u(x—é)—[u(:z—z)—u(a:—z—z)w ) ds
= fn T ® EEE e

and

div§ u(z) — divi u(x — 2)

chs/ u(z) —u(r —2) — [ulr —2) —u(r — 2 — 2)] Z
" JB0s)

EGe NERA

so in order to prove the desired equality we have to show

/05)/05 ? ule) —ute — ) Zlele 2 2) mule 222 AL g ) = g,

2|+ 2]+ |2

/05)/ » z) —u(z —z) — [U_(I—z)—U(x—z—E)] 'éwg(Z)dzw6(2>idz

2|+ 2| 2]+ 2|

(3)




Observe that both integrals above are absolutely convergent. Indeed, it is enough to notice
that, as u € C2°(R",R"™), a standard Taylor expansion at = of order 2 shows that there exists
C' > 0 such that for all z € R" and z,z € B(0,9),

u(z) —u(r = 2) = [u(r - 2) —u(r — 2 = 2)]| < Cz[ 2]

Therefore, to show (3) it suffices to check that for all 0 < e < ¢,

/ / () —u(z —2) - [?{(x—Z)—U(x—2—5)]w5(2)dzwa(2)idz
A(0,6,8) J A(0,¢,6) |Z\

‘Z|n+s

:/086/056 —u(w—Z)—[u(x—z)—u(x—z—i)]‘zwé(z)d wg()zdz

2|+ 2|

where A(0,¢,6) := B(0,6) \ B(0,¢). As

/ ws¥) Y 4
A0 1Y[" |yl ’

equality (4) is equivalent to

ulrz—z-2) , . ws(z) z
——————ws(2) dz —dz
/A(055 /055 |z|ts 2]t |2]
u—z-2) z - _ws(z) 2
- —ws(Z)dz —dz
/056)/056 |n+s H 2|t |2

Using the identity (a®b)c = (b-c)a for all a, b, c € R™, as well as Fubini’s theorem for the right
hand side, we can see that both terms of (5) are equal to

ulx—z—2) 2z Z
nts||nts = ws(2)ws(2) dzZ dz
/A(Osé /055) |Z|7Fs|z|n s 2] |2

and the proof is complete. O

(5)

In order to describe the boundary condition, we recall the set Q_s = {x € Q : dist(z, Q) >
6} and define the subspace HiP°(Q_s) as the closure of C*°(Q_s) in H¥?9(2). Tt is immediate
to check that any u € HiP°(Q_s) satisfies u = 0 a.e. in Q5 \ Q_s. We will also use the affine
subspace HP(Q_s) = id +Hy™° (Q_s).

We present an inequality of the type of Sobolev—Poincaré, [5, Sect. 6]. Given p > 1 and
0 < s <1 with sp < n we define p¥ := "2

n—sp’

Theorem 3.5. Let 1 < p < o0 and

g€ [L,p)] ifsp<nm,
qE[l,OO) Z.fSp:n7
q€[l,00] if sp>n.

Then there ezists C = C(|Q|,n,p,q,s) > 0 such that for all u € Hg’p"s(Q,(;),

[l ooy < ClID5uUll oey »



An important tool in the subsequent analysis is given by the following result from [6, Lemma
4.2] and [9, Prop. 2.13] (see also the earlier results [5, Lemma 4.2 and Prop. 4.3]), which states
that every nonlocal gradient is in fact a gradient.

Theorem 3.6. Let 1 < p < oo. There exists a positive radial function Q3 € L*(R™), with
supp Q5 C B(0,0), and strictly positive in the interior of its support, such that for all u €
H*P°(Q), we have that Q3 x u € WHP(Q) and

Dju = D(Qj *u) in Q.
If, in addition, u € C*(Q_s,R™) then Dju = Q5 * Du.

As we will do convolutions of ()5 with functions defined in €25, with a small abuse of notation,
given u : s — R we will write ()5 * u as the function defined in 2 by

Q5 xu(z) = Qs(z — y)u(y) dy,
B(z,9)

whenever the integral is well defined.

4 Derivative of an affine map
In this section we show that the nonlocal derivative of an affine map is the associated matrix
of the linear map.

Proposition 4.1. Let F' € R™" and a € R™. Define u : Qs — R" as u(z) = Fx + a. Then
u e H*P(Q,R") and Diu(x) = F for all x € .

Proof. In order to calculate Dju using Definition 3.1a) we notice that there exists a C2°(R™, R")
extension of u, which will still be called u. A change of variables shows that, for all x € €,

F(x —1y) r—y 2Qz
Diu(x) = Cn,s/ ® ws(x —y)dy = cmSF/ ————ws(z) dz.
’ Bzs) [T —y|"™ |z —y B 2"t

Let 1 <i,5 <n. If i # j, we have

ZiZj
———ws(2)dz =0
/B(O,(S) | z|ntst

as can be seen by performing a reflection along the z; axis. On the other hand, performing a
rotation taking the z; axis onto the x; axis, we can see that

22 e 2 .
o P O T T i)

SO

22 1 O z; 1 1 1
—ws(2)dz = — / ! —ws(2) dz = —/ ———ws(2) dz = :
/B(O,é) |Z|n+s+1 n Z B(0,5) ‘Z|n+s+1 n B(0,5) ‘Z|”+S 1 Cns

Jj=1

thanks to the normalization e) of Section 3. All in all,

Z2Qz 1
/B(O § —|Z|n+8+1w5(2) dz = I,

Cn,s

and, hence, Diu(x) = F. Now, the fact v € H*?(2,R") is clear from Definition 3.3. O
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5 Linearization of the nonlocal equations

In [5, Th. 8.2] and [6, Th. 6.2] we showed the Euler-Lagrange equation corresponding to the
minimization problem. In our case, if the body force is f : 2 — R™ and the boundary condition
is (for simplicity) u|o,\q_, = id, the total energy of u € HEP2(Q_s,R™) is

/QW(x,Dgu)dm—/ﬂf-udx.

Thus, if we denote by Tg(z, F) = DpW (z, F) the Piola-Kirchhoff stress tensor, the Euler—
Lagrange equation is
= div; Ta(w, Dju(w)) = f(z),  z€ Qs (6)

The (formal) linearization of this equation is totally analogous to that in the classical case
—div Tg(z, Du(x)) = f(x), xz €

see, e.g., [18, Ch. X], [21, Ch. 4] or [19, Ch. 52]. As the operator divj is linear, the main issue in
the linearization of (6) lies on Tg(z, Diu(x)), but, then, for the linearization of Tg(z, Diu(x))
it is enough to substitute Du of the classical theory by Dju.

To be more precise, and assuming the usual simplification of the classical theory, we linearize
around the identity map and assume that W does not depend on x. The identity is supposed
to be stress-free, so Tr(I) = 0. We write v = id v, where v is the displacement. For the
linearization process, we assume that Djv is small. We denote by C the elasticity tensor, with
components )

ow
Cijkl = W(I )v

Thus, by the classical theory, the linearization of Tr(Dju) is C'Djv. Therefore, the linearization
of (6) is

1<4,4,k1<n.

—div (CDjv) (z) = f(x), x€Q_s

with boundary conditions v[g,\q_; = 0. As in the classical case, CDjv = CDj_ v
In conclusion, the strong form of the equations of nonlocal linear elasticity are

(7)

—divj (CDE’Syme) =f inQ._y,
v=20 in Qg \ Q,(;,

while its weak form is:

Find v € H3**(Q_s, R™) such that /

CD; gy * Dj gy = / frw, Ywe H*(Q_5R").
Q Q

(8)
This weak form is obtained in the usual fashion, multiplying by a test function, and then
performing (nonlocal) integration by parts with the use of Proposition 3.1.

Of course, the process of linealization has been purely formal. A rigorous derivation by
[-convergence would entail an adaptation of [10] and, in particular, the rigidity estimates of
[17].

When W is isotropic, the elasticity tensor takes the simpler expression

Ce =2ue + A(tre)l, e e R

sym ’



where p1, A € R are the Lamé moduli. Positive definiteness of C' entails p > 0 and 2 +nA > 0.
In this case,

CDj ¥ = 20D5 (uv + A(tr D5 v) ] = 2Dy v+ A(divg v) [ (9)

and
S . s — s . S s S )
C"D(S,symv : Dé,symw - QND(;’Sym'U : D(;’Symw + >\le5 v d1V5 w,

where we have used Lemma 3.3. Therefore, the weak form of the equations of isotropic nonlocal
linear elasticity is to find v € Hy**(Q_s,R™) such that for all w € HE**(Q_s, R™),

/ (2uD5 (v : Dj g + Adivi v diviw) = / f-w.
Q Q

The strong form requires a longer argument, which assumes that v € C°(Q2_s5, R™). Starting
from (9), we note that

div; (C’Dg,symv) = 2pdiv; (Dg}symv) + Adiv§ ((divi o)1),
Now, thanks to [6, Lemma 3.4 and Def. 3.1]
divj ((diviv)I) = Dj(divjv).

At this stage, we ought to define the nonlocal Laplacian. For consistency with the fractional
Laplacian and the fractional powers of a positive operator, the nonlocal Laplacian is denoted

by —(—A)j instead of Aj.
Definition 5.1. For u € C°(R") or u € CX(R™™), we define
—(—=A)ju = divi Dju.

It is not the scope of this work to study this operator, not even to write down a pointwise
definition of it involving only one integral, in the spirit of Definition 3.1. We just define it in
this way for parallelism with the classical case and to continue with the analysis of the linear
isotropic equation.

With Definition 5.1 and Lemma 3.4 we have

divy (D3v) +divy (Dgv)  —(—=A)u + Dj(divj u)

divy (D(;’Symv) = 5 = 5 .

All in all, we have that
divi (OD3yumv) = —p(=A)5v + (u+ X) Dj(div; v),
and, hence, the strong form of the nonlocal linear equations in the isotropic case are

p(=A)v — (p+ N)Di(divgv) = f in Q_y,
v=20 in Q(; \ Q_(s.

10



6 Existence and uniqueness of solutions

We present Korn’s inequality in H*P9.

Proposition 6.1. Let 1 < p < co. Then there exists ¢ > 0 such that for all u € H*P°(Q, R"),
||D§,symuHLp(Q) >c HDgu“LP(Q) :

Proof. By Theorem 3.6, Diu = Dv for some v € W'?(Q,R"), so Dj oyt = Dsymv. By Korn'’s
inequality (e.g., [1, Sect. 3.1]),

HD§7Symu||Lp(Q) = HDsmeHLp(Q) = CHDUHLP(Q) = C||D§u||Lp(Q) .
O

Now we show the existence and uniqueness of weak solutions of equation (7). As in classical
linear elasticity, one assumes that the tensor C', viewed as a linear operator from RETT to RET™,
is positive definite.

Theorem 6.2. Assume C : RM" — RY" 4s positive definite. Let f € L*(Q2,R™). Then there

sym sym
exists a unique solution to (8). Moreover, it is the unique minimizer of the functional
1 s $,2,0 n
E(U) = é/QCD&,sme : D;,symv _/Qf U, vE HO (Q—J’R )

Proof. 1t is a standard application of Lax—Milgram’s lemma. The bilinear form
(v,w) — / CDj ¥ D ymw
Q

is clearly continuous in H*%%(Q, R™), hence in HZ*°(Q_s, R™). Moreover, it is symmetric. The

linear form
w > / f-w
Q

is also continuous in H**°(2,R"), hence in HS’Q’(S(Q_(;,R"). It is, then, enough to check the
coercivity of the bilinear form.

Since C' is positive definite in RETT, there exists ¢; > 0 such that

Ce:e>clef?, ee R (10)

sym *

So, for all v € H*(Q_s, R™),

2 2 2
/S;CDg,symv : Dg,symv > /Q |D§,sme’ > Co /Q ’ng‘ > C3 HUHHS’I”‘S(Q_&Rn) )

for other constants cs,c3 > 0, thanks to Proposition 6.1 and Theorem 3.5. The proof is
complete. [

In order to apply Lax-Milgram’s lemma in theorem above, we do not need that f €
L2(2,R™) but only that f lies in the dual of H3*°(Q_s, R™), which is a space that has not
been studied yet, but, at least, thanks to Theorem 3.5, we can assert that it contains L4(€2, R")
for

q € [, 00] if2s <m,
q € (1,00] if 2s = n, (11)
q € [1,00] if 25 > n.

11



7 Existence and uniqueness of the linear fractional equa-
tion

When it comes to adapting the process of linearization of Section 5 to the case of the Bessel
spaces H*P(R",R") in terms of the Riesz derivative D* instead of the nonlocal derivative Ds,
one finds the obstacle that the identity does not belong to H*P(R",R™) given the lack of
integrability in R™. However, if we could assume that the linearization of Tr(D*u) is C'D*v,
then the process would be completed verbatim as in Sections 5 and 6.

An account of the main properties of the space H*P, the Riesz derivative D*® and related
fractional operators can be found in [27, 28, 8, 4] and [24, Sect. 15.2]. In fact, formally D* is
an extreme case of D when ¢ = oo and ws = 1.

We recall the Euler-Lagrange equations found in [4, Th. 6.2]:

—div* Tg(z, D*u(x)) = f(z) in Q,
u=1id in Q°.

The expected linearization then becomes

sym

—diviCDs, v = in )
div® C' v=f %n , (12)
v=20 in ¢,

while its weak form is:

Find v € HS*(Q,R") such that CD, v : D5 w= / fw, Vw € HY*(Q,R™). (13)
0

sym sym
Rn

We recall that H?(Q,R") is the closure in H*?(R™, R"™) of C°(€2, R"). To obtain this weak
formulation one uses the fractional integration by parts formula [4, Th. 3.6].

We first need the following well-known version of Korn’s inequality in W1?(R" R"). We
have not found an identical statement in the literature, so we prove it by adapting another
version of the inequality.

Lemma 7.1. Let 1 < p < co. Then there exists ¢, > 0 such that for all u € W'P(R" R"),
||Dsymu||Lp(Rn) > Cp ||DUHLP(R") :

Proof. 1t is enough to prove the inequality for u € C*°(R",R"). Let R > 0 be such that
suppu C B(0,R). Then the function v € C*®°(R",R") defined by v(z) = u(Rzx) satisfies
suppv C B(0,1). By Korn’s inequality (see, e.g., [13, Th. 7.71]) as well as Poincaré’s, there
exists ¢, > 0 such that

“DsmeHLP(R”) = Cp HDU”LP(R") :
Now, it is immediate to see that

n

||DU||LP(]R”) =R ”DUHLP(Rn) and ”DsmeHLp(Rn) =R ||Dsymu||LP(R")7
and, hence, the result follows. O]

The relevant Korn’s inequality in H*? is as follows. In fact, Korn’s inequality for the Riesz
fractional gradient has already been proved in [31], where in addition it contains a complete
analysis of the fractional model of linear elasticity, including the explicit computation of the

12



corresponding Green’s function for problem (12). The material in this paper regarding the
fractional case is already in [31], except for the previous deduction of the model from fractional
hyperelastic models and the connection with Eringen’s model in Section 8.1. Here we provide
an alternative proof of Korn’s inequality.
For this we recall that, for 0 < a < n, the Riesz potential I, : R™ \ {0} — R is defined as
1 1

) = S e .

with « defined by equality (2).
Proposition 7.2. Let 1 < p < co. Then there exists ¢, > 0 such that for all u € H>P(R™,R"),

123

SymuHLp(Rn) > Cp ||Dsu||LP(Rn) .

Proof. 1t is enough to prove the inequality for u € C°(R"™, R™). For such u we define v = I;_¢xu,
where I;_, is Riesz’ potential. Then, it is known that v € W?(R",R") and Dv = D*u. A
precise statement of this can be found in [20, Eq. (2.4)], although the result is earlier (see, e.g.,
[30, Prop. 5.2], [8, Prop. 2.2] and [27, Th. 1.2]). Then, by Lemma 7.1,

HDssmeHLp(Rn) = ||Dsme”Lp(Rn) 2 Cp ||DUHLP(R") =6 ”Dsu”LP(R”) :

The existence and uniqueness of weak solutions of equation (12) is as follows.

Theorem 7.3. Assume C': RS — RIX" is positive definite. Let f € L*(Q,R™). Then there

sym
exists a unique weak solution to (13). Moreover, it is the unique minimizer of the functional

Ew)== [ CD; v:D: v— / I, v e H*(Q,RY).
Q

2 .- sym sym

Proof. 1t is enough to check the coercivity of the bilinear form

(v,w) — CD: v:D: w

sym sym
R
. s,2
in Hy“(Q,R"™).

Using (10), Proposition 7.2 and the Poincaré inequality of [27, Th. 1.8] (see also [4, Th.
2.3]) we find that for all v € HJ*(Q, R™),

/ CDZ v Dy > cl/ ‘Djymvf > 02/ |D*v|* > es||v]
n Rn R

for some constants ¢, ¢o, c3 > 0. The proof is complete. ]

2
HS’2(Q,R") )

As in Section 6, it is enough that f lies in the dual of H5’2(Q,R”), which, thanks to [27,
Th. 1.8] (see also [4, Th. 2.3]), contains L9(€2,R") for ¢ as in (11).

Now we deal with the isotropic case, so as to write down the weak and strong forms of the
equations.

The weak form of the equations of isotropic fractional linear elasticity is to find v €

H*(Q,R") such that for all w € HJ?(Q,R"),
/ (Q,uDjymv  Dgw + Adiv v div? w) = / f-w,
Q Q

13



where we have used tr D* = div® (see Proposition 7.4 below).
Regarding the strong form, we assume that v € C(Q,R™). As in Section 5, if we prove

the identities
tr D*v = div° v, div® ((div®v)I) = D*(div°® v), (15)
div® D%v = —(—A)%v, div®(D*v)" = D*(div° v),

then the strong form of the fractional linear equations in the isotropic case are
u(=A)v — (u+ A)D3(divv) = f in Q,
v=20 in Q°.

It turns out that identities (15) have been proved or are immediate consequences of known
results, as we now show.

Proposition 7.4. Equalities (15) hold for any v € C(Q,R™).
Proof. Equality

tr Dy = div® v
can be proved as in [6, Lemma 3.4]. Equality

div® ((diviv)I) = D*(div® v)
can be proved easily by using [4, Lemma 3.7]. Equality
div® D%v = —(—A)%v
has been proved in [30, Th. 5.3] and [12, Th. 3.2], although the result is earlier. Finally, equality
div¥(D*v)" = D*(div*® v)

can be proved as in Lemma 3.4. O

We mention that Proposition 7.2 and Theorem 7.3 were proved, with different perspective
and techniques, by [31], where the equations of fractional linear elasticity were considered
without a detailed derivation. We have included a proof here to stress that the techniques of
the nonlocal case can be adapted to the fractional case, and vice versa. In fact, a thorough
study of the isotropic fractional linear elasticity equations has been done in [26], where it is
included a derivation of the equation from a different point of view.

8 Connection with Eringen’s model

It is interesting to compare the linearisation of this model with other nonlocal linear models
that have appeared in the literature. Here is where the relationship with nonlocal Eringen’s
model [15] shows up. This model, which has been used with popularity among the engineering
community, turns out to be in general ill-posed for smooth kernels, whereas for non-smooth
kernels like the Riesz potential it does admit a solution, as shown in [16]. Initially we introduce
the model considered in [16], which follows [23], without detailing the functional framework:

—dive = f, in 2
o(z) = [, A(z,2")CDgpu(2) dz’,  in Q (16)
v =7, on 0f).
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Here C' is the (positive definite) fourth-order elasticity tensor, as in Section 5, and ¢ the nonlocal
stress tensor, which is obtained through averaging the local stress tensor C'Dgyv. The term
A(z,2") is the nonlocal interaction kernel between particles accounting for stress interaction.
We assume that A belongs to L'(Q x ) and is a strictly positive kernel, i.e., it satisfies the
so-called Mercer’s condition,
//A:cx V(") dx dx’ > 0,

for any ¢ € C°(Q2) \ {0}.

As for the corresponding functional framework, we notice that the symmetric bilinear form

(v, w)4 = /Q /Q A(z,2")Dv(z) : Dw(2') dx do’

defines an inner product over C°(€2,R™), and, consequently, induces a norm ||-|| ,. We define
the space V4 as the completion of C2°(€2, R™) with respect to the norm ||-|| .

Obtaining now the weak formulation of model (16) is a standard task. Given a function
vp : {2 — R” satisfying the boundary condition, we multiply the equilibrium equation by a test
function w € C°(Q2,R™) and integrate by parts to arrive at

Find v € vg+ V4 such that a(v,w) / f-w, Yw e C°(2,R"),

where a(v,w) := // 2, 2")C Dggyv() : Degmw (') da’ da.

In fact, by density, the test function w can be taken in V.

As is typical in Eringen’s model, we will additionally assume that the kernel A : Q x Q —
[0,00) has the form A(z, ') = A(|z — 2/|) for some function A : (0, 00) — [0, 00), so that A(d)
describes the nonlocal interaction of particles at a distance d > 0. For simplicity, we consider
homogeneous Dirichlet boundary conditions, i.e., ¥ = 0 in (16), hence vy = 0 in the previous
weak formulation. With a small abuse of notation, we assume that functions defined in 2 (such
as functions in C2°(Q,R™) or in V) are extended by zero outside €2 to the whole space.

With these premises, the weak formulation (17) becomes

Find v € V4 such that a(v,w) = / f-w, Yw € Va,
0

) (18)

where a(v,w) := / / A(Jx = 2'|)C Dgymv(2) : Dyymw(z") da’ dz.

Although this model does not seem to coincide with the linear models presented in Sections
7 and 5, two particular choices of the interaction function A give rise, respectively, to equivalent
problems:

A(|z]) = La—y(z), and A(lz]) = Q » Q3(x),
where I(1_y) is Riesz” potential (14) and Q3 is the potential of Theorem 3.6.

8.1 Kernel A as Riesz potential

In [16], it is shown that Eringen’s model is well posed when the nonlocal interaction function
A is taken as the Riesz potential. Here we will see the equivalence between this model and the
fractional Navier equation (12).
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In order to see that, we explain the detailed framework. Let 0 < o < n and recall the Riesz
potential (14). In formulation (18), rename the kernel A as A,, the interaction kernel A as A,
and the space V4 as Vy_, with

Aa(ja]) = La(),
so that model (18) becomes

Find v € V,, such that a,(v,w) = / f-w, Yw € Va,,
0

(19)

where a, (v, w) := / / I (x — 2") CDgymv(x) : Dggmw (') dz’ de.

Comparing (13) and (19), we can see that in order to prove that both models are equivalent it
is enough to show that the bilinear forms and the spaces are equal. Prior to do that, we need
some facts about fractional Sobolev spaces.

The well-known fractional Sobolev space H*(R", R") [2, 14] is a Hilbert space endowed with
the inner product

(U, V) s (re gy = (W, U)Lz(Rn,Rn) + /n /n (u(z) = u()) - (v(z) = v(z)) dx' dx,

‘LC _ x/‘n+2s

where (-, )2 (gn gy is the inner product in L*(R™,R™). This space coincides (with equivalence
of norms) with the Bessel space H*?(R",R"); see [2, Ch. 7, pp. 221]. Therefore, the well
known subspace H*(€, R"), defined as the closure of C2°(Q,R") in H*(R",R"), coincides with
H?(Q,R™) (see Section 7). For connections with the results in [16], it is worth mentioning
that Hg(Q,R"), defined as the closure of C°(€, R") in H*(€2, R™), is isomorphic to H*(€, R")
whenever s # 3; see [22, Th. 3.33].

The main result of this section establishes the equivalence between models (13) and (19)
when a = 2(1 — s).

Theorem 8.1. Let s € (max{0,252},1). Then
VA2<175> = HSQ(QJR”)

with equivalence of norms, and

asi—s)(v,w) = [ CD;, v(x): DZ w(x)d, v,w e H?(Q,RM). (20)

sym sym
Rn

Proof. Let a = 2(1 — s). For v € C*(Q,R"), its s-fractional gradient can be written as
Du = I, ¢ * Du (see [27, Th. 1.2]). Moreover,

/ Ay (z, 2" YDv(z) dx = / I,(2' — x)Dv(z) dx = I, * Dv(x'), ' e R™

With these equalities, making use of the fact I, = I_s % I;_; (the semigroup property for the
Riesz potential) and

[ Gargih= [ toxhsgh= [ (g s, fgecE@
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(see, e.g., [7, Prop. 4.16]), we obtain

vl 4., —/ / Ay (z, 2" Dv(z) : Dv(z') dx da’ —/ I, * Dv(z") : Dv(a2') dx’
n n R
= / I_sx Dv(z') : [1_s * Du(a') dx’ = || D*v|| 2 .

To finish, just notice that thanks to Poincaré’s inequality in Bessel spaces (see [4, Th. 2.2] and
the references therein), the seminorm || D%ul|p2 is equivalent to the H*? norm on the subspace
H?(Q,R™). This proves the equality Vi oy = H?(Q,R™).

Now we show (20). By density, it is enough to prove it for functions v,w € C>(Q,R").
Following the lines of the previous argument, we have

ao(v,w) = / / I(z — 2")C Dgymv(x) : Deymw (') dx da’
= / (Iy % CDgymv)(2') : Degmw (') da’
— / (I1—s % CDgyyv)(2') = (I1—s * Dgym)w(a') dz = (CDZy v, D3uw) ., -

]

Remark 8.1. The previous proof may alternatively be done via Fourier transform. Namely,
making use of Plancherel’s equality and the fact that F(1,)(§) = |2m&|~2, for v,w € CX(Q,R"),
we have

(v, w) = / / I,(z — ")C Dgynv () : Degmw (") dx da’

/ (I % CDymv)(2') : Doymw(a') da’ = (F{Ln % CDymt}, F{Doymtw}) .
Rn

(12| F{CDgymv}, F{ Dsyw})
(|27T§|_(1_S)]:{C'Dsymv}, |27T§|_(1_“(”)]-"{Dsymw})L2
= (F{I1—s * CDgymv}, F{Ii_s * Dggmw}) > = (C’D:ymv, D:ymw)L2 )

We finish this section with a comparison with the results of [16]. As mentioned before,
Hy*(9,R") coincides with H§(Q,R") for s # 3, so Theorem 8.1 recovers the result of [16,
Prop. 11] stating the equivalence between Vg, and Hy(Q,R") for s # % Moreover, when C'
is a positive definite tensor, Theorem 7.3 proves the existence and uniqueness of solutions of
(13) for any s € (0,1). In [16], it was shown using different techniques and another nonlocal
Korn’s inequality, existence and uniqueness of (19) for any s € (0,1) \ {3}.

8.2 Kernel A as potential Q5 * Q5

In this section we consider the nonlocal linear elastic model (8) and will see that it is equivalent
to Eringen’s model when we consider as nonlocal interaction kernel the one determined by the
function Q3 * @5, with @5 the potential function from Theorem 3.6. Notice that, in opposition
to Riesz potentials, the family of kernels {Q3 }o<s<1 introduced in Theorem 3.6 does not satisfy
the semigroup property, so that convolution of different kernels of this kind is not in principle
a kernel in the same class.
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In the general Eringen model (18) we take the kernel A as
Ass(z,2") = (QF x Q5)(x — o).

Since @) is radial and the convolution of radial functions is radial, Ass(x,2’) depends on the
modulus |z — 2’|, and is strictly positive in the interior of its support by Theorem 3.6. Moreover,
Ay s € LYQ x Q) thanks to Young’s inequality. Therefore, the interaction function A is here

A 5(|2]) = Q3 * Q3(2).

The bilinear form A and the inner product (-, -)y, are, respectively,

ass(v,w) = / / A s5(2,2")CDgymv(2) : Degmw (') da da’,
osJa,
(v,w)y, = / / Ass(z,2")Dv(z) : Dw(z') dx da’.
5,0 Qs Ja_s

Similarly to Section 8.1, we define the space Vy_; as the closure of C2°(Q2_s, R") with respect to

the inner product (-,-)v, ,. With a small abuse of notation, we assume that functions defined

on )_;s are extended by zero first to Qs \ Q_s and then to R™. This is consistent with the fact

that supp Dju C Q for u € C°(2_s,R™), so that supp Dju can be extended by zero to R™\ Q.
The strong formulation of Eringen’s problem is

— diva =f, in Q_;
fQ Ag5(x,2")CDgyryv(2’)da’,  in Qg (21)
v = O, on 0€)_s,

and the weak formulation is:

Find v € Vy, ; such that a,s(v,w) = / [ w, Vw € Vg, (22)
Q

for a given f € L*(Q,R"™).

The equivalence of problems (22) and (8) follows exactly the steps of Section 8.1. The fol-
lowing result has a proof analogous to that of Theorem 8.1, but in this case invoking Poincaré’s
inequality given by Theorem 3.5.

Theorem 8.2. The identity of spaces
Va,, = Hy**(Q5,R")

holds with equivalence of norms. Moreover,
ass(v,w) = / CDj ymv() : D§ o w(x) dr, v,we H(Q_s, R™). (23)
Q

Proof. For a function v € C2°(2_5,R™), using that Div = Q3 * Dv (Theorem 3.6) and [7, Prop.
4.16], we have

(0,0),, = / ) / Ausle, ) Do(a) : Do(a') d da’ = / (@3 % Q3) % D] (&) : Du(a') da

s s s 112 s 112
= /n (Q5 * Dv) (2') : (Q5 * Dv) (2') da’ = ||D6UHL2(R”,R”X”) = ||D5U||L2(Q,Rnxn) :
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Now, taking into account that, by Theorem 3.5, the seminorm || Djv|| 2o rnxn) is equivalent to
the norm of H*2%(Q), R") in the subspace Hi>*(Q_s,R"), we conclude the result.

The proof of (23) follows the same steps to that of Theorem 8.1, but using also the arguments
used above. O

We notice that the functional spaces considered in Theorems 8.1 and 8.2 are actually the
same, given the equality Hg’p’(s(Q_(;) = H;"(Q_s) shown in [9, Lemma 2.16]. Therefore, both
approaches are defined on the same functional space, but working with different operators
leading to different models.
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